The free-energy landscape (FEL) must be invariant for arbitrary diffeomorphism. However, the conventional definition of FEL, F (z), depends on a reaction coordinate metric. The coordinate transformation modifies both FEL and the thermal fluctuation intensity to maintain the observable quantities as invariant. To maintain FEL as invariant, we propose a new definition, F(z), which includes the conventional definition as a special case. This proposal can be deemed an extensivityrequirement counterpart in macroscopic thermodynamics. Thus, time-series analysis to determine the diffusion tensor is indispensable for constructing FEL and calculating the stationary distribution.
The free-energy landscape (FEL) is intended to describe the stability, reaction-spontaneity, reaction path, transition state, and energetics of small systems wherein thermal fluctuations dominate [1] . The FEL typically provides insights for biomolecular systems, chemical reactions, and dynamics of cluster glass [2] . The histogram method is based on the definition of FEL, especially for molecular dynamics simulations [3] . FEL is sometimes referred as the potential of mean force [4] and is used for describing the state in an equilibrium system by a significantly smaller number of coordinates compared to the degree of freedom of the system. For example, the coordinates represent an internal or local structure of the molecule, such as the bond length, bond orientational order, and dihedral angle. Depending on the system type and context, these coordinates are referred to as reaction coordinates, collective variables, slow variables, and coarse-grained variables. In this paper, we refer to them as reaction coordinates.
Although FEL is considered a promising tool for describing energetics and transition states, it has been noted that it is not meaningful to speak of the free-energy landscape [5] . The purpose of this paper is to make the FEL meaningful by providing a new definition of it.
First, we revisit the general problem in the conventional FEL definition, which connotes unphysical energetics. Consider the equilibrium system of temperature T with Hamiltonian H as a function of microscopic state Γ. Then, the probability density function of the microscopic state is a canonical distribution written as P(Γ) = e (FT −H(Γ))/T , where F T is the macroscopic free energy. Let z = (z 1 , z 2 , ..., z n ) be a collection of n reaction coordinates. Each coordinate z i is a function of Γ given by z i (Γ). Mathematically, the probability density function of the reaction coordinates is introduced as
Here, δ(z) represents the Dirac delta function for ndimensional space. Conventionally, FEL F (z) is defined by
This expression indicates that FEL F (z) is an effective potential that engenders a canonical distribution for z as P (z) = e (FT −F (z))/T . Once we can regard the dynamics of the reaction coordinates as a stationary ergodic process, we can evaluate the probability density function, P (z), as a frequency in the stationary process.
Here, · represents the time average of the stationary process. Therefore, the right-hand side of Eq. (3) is independent of t. FEL is defined using only heat without considering the change of parameter in the Hamiltonian [1] . The expression of Eq. (2) indicates that FEL is calculated by the time-series analysis. Unlike the variable of the thermodynamic function in macroscopic thermodynamics, the reaction coordinates are not required to be extensive variables or their conjugate intensive variables. Therefore, FEL is not required to be a convex function of z, and it can have many local minima and saddles. Consequently, FEL can express the transition states and energy barriers. However, the definition by Eq. (2) yields an unphysical result. Suppose there is an invertible transformation of reaction coordinates from z toz =z(z). Using the transformation,z is also represented as a function of microscopic state Γ asz =z(z(Γ)). Therefore,z is also a reaction coordinate. Because two coordinates have an equivalent ability to distinguish states, physical quantities, such as energy barriers, are expected to be invariant in this transformation; however, they are not. This is because the probability distribution function for z,P (z) = δ(z −z(t)) is represented bȳ
Therefore, FEL forz is calculated as
The Jacobian contribution is not due to the intrinsic property of the system; rather, it is due to our choice of transformation. Even if we choose reaction coordinates that are sufficient to distinguish states for the reaction to consider, there is no guarantee they will provide a correct value of the free-energy barrier (see Fig. 1 ) and a physically realized reaction path. We do not always a priori know the appropriate metric of the reaction coordinate in many cases. Therefore, in general, we cannot extract any information by FEL defined in Eq. (2). This problem makes it difficult to evaluate the free-energy barrier or to find a reaction path in a simulation [5, 6] . A similar problem will occur in the definition of the differential entropy [7] . On the other hand, the energy landscape and the intrinsic reaction coordinate are well-defined because the Jacobian does not appear in their respective definitions [8] .
FEL is primarily required to have the ability to identify reaction paths, including transition states, by a small number of reaction coordinates, and to evaluate the energy along the path. Considering these requirements, the properties needed for the reaction coordinates and FEL are outlined as follows. To describe the reaction path, it is natural to consider the dynamics, z(t), in addition to the equilibrium distribution, P (z). As mentioned, the number of reaction coordinates must be much smaller than the degree of freedom of the system. Therefore, the other degree of freedom works as a heat bath with temperature T , and the dynamics is characterized via a stochastic process marked by the detailed balance condition. In addition, the stochastic process must be Markovian; otherwise, additional information is required to describe the reaction, such as a memory kernel appearing in the generalized Langevin equation [1, 9] . Physically, this assumption means that the time-scale separation is required, and no hidden variables are allowed. Moreover, the trajectory of the reaction coordinates must be continuous; otherwise, the trajectory will jump and the reaction path cannot be defined. Therefore, the stochastic process must be represented by the Langevin equation with Gaussian noise [1, 10, 11] . Without loss of generality, we can suppose the equation is an overdamped Langevin equation because we can take the overdamped limit for the underdamped Langevin equation.
Before addressing the n-dimensional reaction coordinate case, we first illustrate the relation between diffeomorphism and the stochastic process expression for a single reaction coordinate, z, and we heuristically provide a new definition of FEL. Suppose the coordinatez follows the overdamped Langevin equation of temperature 
The dashed line and dotted line correspond, z = 2.5z + sin(2z + π/3) and z = 2.5z − sin(2z), respectively. These coordination transformations are bijective (a monotonically increasing function). Thus, the ability to distinguish states is equivalent toz. Nevertheless, these FELs are completely different from each other. The right figure represents the FELs as a function ofz. As shown, the transition state defined as a local maximum is shifted as the dashed line and vanished as the dotted line. T given as
where R(t) is zero-mean Gaussian white noise satisfying
Consider the case in whichF (z) is a double well potential (see the solid lines in Fig. 1 ). Then, we can observe the transition across the peak between two states in the time-series data of z. As mentioned above, we regard Eq. (7) as a coarse-grained model of a high-dimensional Hamiltonian system by taking an asymptotic time-scale where a Markovian assumption is satisfied. Here, the reaction rate from one basin to the other is observable via the time series. According to the Kramers formula [12, 13] , with a low temperature and harmonic approximation, the reaction rate is represented by an activation energy, ∆F =F (z * )−F (z * ). Here,z * andz * correspond to the minimum in the basin and the transition state, respectively. These points are determined as extrema of the function. In this case, we can determine FEL by using Eq. (2), namely,F (z) = − ln δ(z −z(t)) + F T , and its activation energy describes the reaction rate via the Arrhenius formula.
Then, considering the invertible transformation of variable z = z(z), the stochastic differential equation of the Stratonovich type will be derived as
where h(z) and g(z) are defined by
Here, we have used notation f (x) x=y = f (y). As evident in Eq. (4), the transformation of the variable causes the change of FEL, which exhibits different extrema points, z * and z * (see the solid lines in Fig. 2) . Therefore, its activation energy ∆F = F (z * ) − F (z * ) cannot explain the reaction rate via the Arrhenius formula. Even without the low temperature and harmonic approximation, the metric dependency is unavoidable because the integral of the basin region appearing in the Kramers rate formula [12] is determined by FEL. The transformation simultaneously makes the noise intensity, g(z), multiplicative. Here, the noise intensity appears as a coefficient of temperature in Eq. (9) . Therefore, for the z coordinate, the intensity of the thermal fluctuation (activation) depends on the position z (see the arrows in Fig. 2) , which is different from thez coordinate whose noise intensity is constant. Even though these quantities are modified by diffeomorphism, the reaction rate does not depend on the coordinates because they are free from the definition of FEL Eq. (2). Therefore, for the transformation, both the free-energy barrier defined in Eq. (2) and the noise intensity are modified to maintain the reaction rate as constant.
Accordingly, to employ the interpretation of the reaction rate or reaction path based on the Kramers reaction rate theory or Arrhenius factor, FEL must be calculated by the coordinatez in Eq. (7), not by z in Eq. (9), even though they have the same ability to distinguish states. Recall that, when we provide a candidate for the reaction coordinate, we cannot know in advance the coordinate, such asz in Eq. (7), even if we can know its ability to distinguish the state. Therefore, in general, the noise intensity for a given reaction coordinate must be considered as depending on its coordinate. That is, the Gauss noise must be considered multiplicative, and the additive noise is required to use the Arrhenius theory interpretation.
The construction of a coordinate of additive noise from a given coordinate is outlined as follows. First, we measure coefficient g(z) in Eq. (9) by the time-series analysis of the stationary process by
This quantity is non-negative; here, we suppose it is positive. Then, by using the transformation of the variable defined by
we obtain the Langevin equation of x as
In this equation, the coefficient of noise is unity and therefore additive. Because Eq. (13) leads to Jacobian dx/dz = 1/ T g(z), FEL for x is represented by measurable quantities P (z) and g(z) written as
In this way, we can define FEL that can be interpreted as activation energy appearing in the Arrhenius factor. For the n-dimensional reaction coordinate, the dynamics of the overdamped Langevin equation is characterized by a drift vector, D(z) = (D i (z)) i=1,2,...,n ; a diffusion matrix, D(z) = (D ij ) i,j=1,2,...,n ; and the equilibrium probability distribution function, P (z). These quantities are determined by time-series analysis for the stationary process of reaction coordinates z(t) written as [14] 
and Eq. (3). D(z) corresponds T g(z) in Eq. (12) for a one-dimensional case. By definition, D is a semi-definite symmetric matrix. We additionally assume it is positivedefinite so that the inverse of the matrix will exist. Especially for the equilibrium system, owing to the detailed balance condition,
Drift vector D(z) is represented via D(z) and P (z). Therefore, we can completely specify the dynamics of the system only as the diffusion matrix, D(z), and the probability density function, P (z).
In the context of non-equilibrium statistical thermodynamics, it is proved [14, 15] that, for arbitrary diffeomorphism, the probability density distribution, P (z), satisfies
Here, det D is the determinant of diffusion matrix D. D(z) is a diffusion matrix inz-coordinates. By using this contra-variant property, we propose a new FEL by
Apparently, this is a generalization of the definition for the single reaction coordinate, and it is straightforward to confirm that FEL is geometric
by Eqs. (19) and (20) . Unlike the single reaction coordinate, we cannot always introduce a reaction coordinate of additive noise for the n-dimensional case. The generalization of Eq. (13) for n dimensions is formally represented by the line integral of the inverse square root of the diffusion matrix. However, it may depend on the path of the line integral. The existence of the transformation independent of the path is controlled by the second-rank contra-variant tensor, D. Namely, if the identities for all i, j, k, l
are satisfied for all z, then such a coordinate exists. Here, Γ denotes the Christoffel symbols defined by
with
The left-hand side of Eq. (22) is a Riemann curvature tensor when we regard D as a metric tensor. This is because D satisfies
If the condition of Eq. (22) is satisfied, the existence of the coordinate is guaranteed, where the diffusion matrix is an identity matrix and the noise coefficient for every component is unity. However, in general, the curvature tensor is not always zero; thus, we cannot always construct such a reaction coordinate. Nonetheless, because FEL in definition Eq. (20) is scalar for arbitrary diffeomorphism, the energetic quantities and the reaction path obtained by FEL are free from our choice of metric and are therefore objective quantities. This is a required property of FEL. Now, owing to the scalar property, Eq. (20), we are no longer required to explicitly construct the additive-noise coordinate x regardless of whether there exists such a coordinate, and we can represent FEL by an arbitrary metric as desired. Because the diffusion matrix can be regarded as a matrix expression of the second-order contra-variant tensor for certain coordinates owing to Eq. (24), it can describe a physical phenomenon. Especially, if the reaction coordinate system whose diffusion matrix is an identity matrix, which corresponds to x in Eq. (13), then the length in the reaction coordinate directory represents the diffusion time that is isotropic and uniform, and vice versa. To preserve the timescale during the coarse-graining procedure from a higher-dimensional system, or to characterize the dynamical behavior of the system in the experiment, we only must record the timescale as a diffusion matrix.
Even for the definition of Eq. (2), no ambiguity is found if we choose the extensive variables as reaction coordinates. Concretely, suppose we have a transform of a variable from one extensive variable, X = N x, to another extensive variable,X = Nx, where N is proportional to the system size, such as the number of particles or volume. Then, the Jacobian |∂X/∂X| = |∂x/∂x| contributes as o(N ) in Eq. (6) . In this case, the conventional FEL of X andX is O(N ) because of the large deviation property expressed by P (X) ∝ e −N I(X/N ) for a sufficiently large N , where I(x) is a rate function. Therefore, the Jacobian contribution is negligible in the thermodynamic limit. The extensivity of the variable is one of the most important axioms for constructing the unique thermodynamic function [16] . However, the FEL reaction coordinate is not always an extensive variable; moreover, the lack of extensivity leads to the ambiguity of conventional FEL in Eq. (2). This ambiguity is resolved by our definition Eq. (20) .
For thermodynamics, the physical law is expressed by the function form of the thermodynamic potential. Therefore, the diffeomorphism invariance, which is one of the principles of physical law, must be required for the thermodynamic potential. For macroscopic thermodynamics based on the statistical mechanics, this requirement is realized as the axiom of extensivity and satisfied for asymptotically large N . Thus, the thermodynamics function reproduces a macroscopic material property. However, as mentioned above, because the extensivity results in convexity of the thermodynamic potential, it is not suitable for the objective of describing the transition between meta-stable states. To construct the thermodynamics for a small system, the diffeomorphism invariance is also required for FEL. Our definition, Eq. (20) , can be regarded as a realization of this principle to focus on the description of reaction phenomena. Without restriction of the extensivity, the invariant FEL can represent metastable states while maintaining the uniqueness of FEL, unlike the conventional one. Furthermore, it includes the conventional definition as a special case of Eq. (22), and it can be represented only by the observable quantities (3) and (17) in the time-series analysis. In this way, the invariant FEL can reproduce the reaction energetics. Moreover, the difference between energetics based on conventional FEL and kinetics (diffusion) is fictitious. They can be translated by means of each other through the diffeomorphism transformation of the reaction coordinate. Recall that diffusion itself is not fictitious because of the invariance in Eq. (24).
According to our formula, Eq. (20), FEL is controlled by dynamics. In other words, we obtain different FELs depending on the update rule, such as molecular dynamics (MD), biased-MD, heat-bath Monte-Carlo (MC), and metropolis MC, even though their stationary distributions are common. To evaluate a realistic energy barrier or the heat of a reaction from a simulation, it is necessary not only to develop a sampling method to calculate the distribution [3] , but also to develop a method to calculate the non-uniform diffusion matrix based on the dynamics that describes a realistic experimental situation or to develop a reweighting method for path probability. This problem does not arise when we consider experimental data.
In this letter, we demonstrated that the transformation of the reaction coordinate induces the modulation of both the thermal fluctuation intensity and the probability density function. Hence, by using them both, we introduce the new definition of FEL as the invariant scalar function without metric ambiguity. The invariant FEL can represent the reaction path, transition state, activation energy, and reaction heat, if the reaction coordinate is adequate for having a Markov property. Therefore, the invariant FEL enables us to develop a material-design method by a simulation that is considerably more effective than the conventional FEL definition.
In the discussion above, we assumed that we already identified sufficient variables to describe the reaction of interest. Under this assumption, our method can describe the reaction process without metric ambiguity. If the reaction rate cannot be evaluated via the FEL, (20) , we must increase the dimension of the reaction coordinates. To find a candidate of the coordinates, data-driven methods exist, such as principal component analysis [17] , topological data analysis [18] , relaxation mode analysis [19] , and continued-fraction expansions [20] . Since the coordinates are obtained because of data analysis, their coordinate system is not always Cartesian; it is considered to be comprised of Riemannian manifolds with an unknown metric. As long as our method is followed, we only must focus on the ability to distinguish states without intuitively considering the origin of the variable. In this sense, the data-driven method is complementary to our method. In general, the invariance is a promising requirement when the data-driven prediction is applied to emulate physical law.
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